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Abstract
The aim of this thesis is to construct
(i) a spectral sequence that converges strongly to the homotopy groups
of the one point union XvY of a pair of pointed connected CW complexes
X and Y, and whose E2 term depends only on the homotopy groups of the
individual spaces X and Y, and on the action of the primary homotopy
operations on these groups, and
(ii) a generalization of (i) to a "van Kampen spectral sequence" that
converges strongly to the homotopy groups of the homotopy direct limit
holmX of a diagram X of pointed connected CW complexes. The E 2
term for this spectral sequence depends only on the diagram of the homo-
topy groups of the individual spaces with action by the primary homotopy
operations.
In each case, the claim regarding E 2 term follows because the columns
have a natural interpretation as derived functors in the sense of homotopi-
cal algebra. A consequence is that the classical van Kampen theorem on
fundamental groups is recovered in modern language from the lower left
corner of spectral sequence (ii) as the formula 7riholim X = lim ir1X.
After establishing our main results, we discuss a related spectral se-
quence that converges strongly to the homotopy groups of the smash prod-
uct X A Y of a pair of pointed connected CW complexes X and Y.
Thesis Supervisor: Daniel M. Kan
Title: Professor of Mathematics
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1 Introduction
The aim of this thesis is to construct
(i) a spectral sequence that converges strongly to the homotopy groups
of the one point union XvY of a pair of pointed connected CW complexes
X and Y, and whose E2 term depends only on the homotopy groups of the
individual spaces X and Y, and on the action of the primary homotopy
operations [25, XI) on these groups, and
(ii) a generalization of (i) to a "van Kampen spectral sequence" that
converges strongly to the homotopy groups of the homotopy direct limit
holimX [3, XII) of a diagram X of pointed connected CW complexes.
The E 2 term for this spectral sequence depends only on the diagram of
the homotopy groups of the individual spaces with action by the primary
homotopy operations.
At the end of the thesis we also discuss a related spectral sequence that
converges strongly to the homotopy groups of the smash product X A Y of
a pair of spaces X and Y.
To give a more precise description of the E2 terms of the wedge spectral
sequence and its generalization, we need to consider a category whose ob-
jects are modelled on the graded set of the homotopy groups of a space with
action by the primary homotopy operations. Call such objects H-algebras
(4.2). Then we can state
1.1 Theorem. There is a first quadrant spectral sequence E,q, functorial
in pointed connected CW complexes X and Y, converging strongly to the
homotopy groups 7r(XvY) of the one point union of X and Y, and such
that the columns of the E2 term have the following interpretation:
(i) EO,* = 7rX 11 rY is the coproduct of r*X and i.rY in the category
of H-algebras, and
(ii) E = rX Up1rY is the value on the pair of fl-algebras (wrX, 7r.Y)
of the p-th derived functor in the sense of Quillen [19,20] of the coproduct
functor.
1.2 Theorem. Let I be a small category. There is a first quadrant spectral
sequence, functorial in I-diagrams X of pointed connected CW complexes
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Xi, i E I, that converges strongly to the homotopy groups 7rholimX of the
homotopy direct limit of X. The columns of the E 2 term have the following
interpretation:
(i) E, = lim(rX) is the direct limit of the I-diagram ,r*X of H-
algebras ,rXi, and
(ii) E2 = lim (,rX) is the value on the diagram of H-algebras ,rX of
the p-th derived functor of the direct limit functor.
1.3 Recovery of the van Kampen Theorem. The E 2 term of spectral
sequence 1.1 for 7r*(XvY) contains a single non-abelian group E2,1 in the
lower left corner, and it is straightforward to demonstrate that fundamental
group of the wedge
7r1(XvY) =E = E 1 = 1 riX * wr1 Y
is the coproduct of the fundamental groups of the spaces X and Y as the
van Kampen theorem requires.
From the spectral sequence 1.2 for 7r~holim X we similarly recover that
the fundamental group of a homotopy direct limit of pointed connected
spaces
7riholimX = E01 = EO2,1= lirriX
is the direct limit of the fundamental groups of the spaces in the diagram.
This includes the results of [6] and in particular the often used statement
of the van Kampen theorem for a pushout.
1.4 Extension of a Result of Hilton. Functoriality of homotopy groups
implies that 7rnX e 7rY is a direct summand in 7r,(XvY) for n > 2. For
sufficiently connected X and Y the remainder term was computed by Hilton
[9] in the first dimension where it is non-trivial and up to extension in
the second. Hilton's result may be recovered, and indeed extended one
dimension further, as the "corner" of the wedge spectral sequence 1.1.
1.5 Remark. In 1.1-1.2 we lose some of the determinism of the classical
van Kampen theorem in order to obtain an extension that considers higher
homotopy groups specifically. A different approach may be found in [4], [5]
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where other functors generalizing the fundamental group are defined and
shown to preserve certain direct limits.
1.6 On The Proof of 1.1. We describe our strategy for constructing the
spectral sequence 1.1 for the homotopy groups of a wedge of spaces. The key
step is to produce a functorial "simplicial resolution by wedges of spheres"
(2.4) of a pointed connected CW complexes X. This is a simplicial diagram
V.X of pointed connected CW complexes and topological maps such that
the associated simplicial diagram 7r.V.X of H-algebras is a "free simplicial
resolution" (5.4) of the H-algebra X. Among other things, this means that
each space VX in the diagram has the homotopy type of a wedge of spheres,
and that the homotopy type of X can be recovered as the realization (3.2)
of VX.
Suppose X and Y are spaces with simplicial resolutions V.X and V.Y.
Let V.XvV.Y denote the simplicial space that is obtained by applying the
wedge functor in each dimension p to the spaces VX and VY. Associated
to this simplicial space is a first quadrant homotopy spectral sequence (3.4)
analogous to the spectral sequence of a first quadrant bicomplex in homo-
logical algebra [17, XI 6]. It is straightforward to show the convergence of
this spectral sequence to the homotopy groups of XvY and to identify the
E2 term as derived functors.
1.7 On The Proof of 1.2. To produce the van Kampen spectral sequence
for the homotopy groups of a general homotopy direct limit it turns out
that we cannot, in spite of functoriality, get away with resolving each space
in the diagram separately. Once we have decided how to "resolve the whole
diagram at once," however, we can take the homotopy direct limit in every
dimension and the spectral sequence of the resulting simplicial space has
the desired properties.
1.8 A Variation for Smash Products. By proceding as for the wedge
spectral sequence but taking the smash rather than the wedge of the spaces
VX and VY in each dimension of the simplicial resolutions for X and Y
we obtain
1.9 Theorem. There is a first quadrant spectral sequence, functorial
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in pointed connected CW complexes X and Y, converging strongly to the
homotopy groups 7r,(X A Y) of the smash product of X and Y, and such
that the columns of the E2 term have the following interpretation:
(i) E = 7rX 0 xY is the tensor product (7.3) of the H -algebras wX
and 7rY, and
(ii) E2 = 7rXo0,,Y is the value on the pair of H-algebras (7rX, 7r Y)
of the p-th derived functor of the tensor product functor.
We remark that if spaces are compared to chain complexes and sim-
plicial spaces to bicomplexes, then the derivation of theorem 1.9 resembles
the derivation of the Kunneth spectral sequence in homological algebra
[17, XII].
1.10 Organization of the Thesis. The construction of the "simplicial
resolution of a space by wedges of spheres" is given in section 2. In section
3 we set up the wedge spectral sequence 1.1 and show convergence. To
interpret the E 2 term we need to discuss H-algebras and recall the ma-
chinery of derived functors. This is done in sections 4 and 5. The general
van Kampen spectral sequence 1.2 is derived in section 6. We consider the
variation for smash products in section 7 and conclude in an appendix with
a discussion of the properties of the tensor product functor for H-algebras.
1.11 Acknowledgements. I am indebted to Daniel M. Kan for suggest-
ing the approach taken in this thesis, as well as for general guidance and
encouragement. I am also grateful to David Blanc and Jeff Smith for many
stimulating conversations.
2 Simplicial Resolution of a Space by Wedges
of Spheres
In this section we construct a natural simplicial diagram V.X (2.4) of spaces
over X such that the associated simplicial H-algebra r.V.X is a "free sim-
plicial resolution" (5.4) of the H-algebra rX.
2.1 Preliminaries. Let CW, denote the category of connected CW com-
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plexes with basepoint. In what follows a space is an object of this category
unless stated otherwise.
By a simplicial space Y. we mean as usual [14, 2.1] a collection {Yn}n>o
of spaces together with face and degeneracy maps
djyYn ->+ Y-_1, sj: Y. -+4Yn+1
defined for 0 < j < n and satisfying the simplicial identities [14, 1.11.
A simplicial space Y. will be called cellular if each degeneracy map
s:Yn - Y+ 1 of Y. includes Y, as a subcomplex of Yn+1.
An augmentation of a simplicial space Y. by a space Y_1 is a (face) map
do: Yo -- Y-1
such that dodo = dod 1 : Y 1 -+Y_1.
With this terminology, the "simplicial resolution" we intend to produce
for a space X is a certain cellular simplicial space V.X with augmentation
by X. This simplicial space is generated by a cotriple (V, e, fl) on the
category of spaces. As the first step in defining this cotriple we describe
2.2 The Functor V. Let S" E CW be the standard n-sphere, and let
Dn+1 be the reduced cone on S". Given a space X E CW., let VX be the
pointed connected CW complex obtained as follows:
(i) take a wedge of spheres Sn indexed by all positive integers n and all
maps f: S"-+X , and
(ii) whenever an indexing map f is null homotopic, attach to the sphere
S7 a disk Dn+1 for every null homotopy h: Dn+1 -+X of f.
VX is thus a pushout
Vn>1 VhEHom(Dn+1,X) Sisn >V 1 VhEhHom(D=+1,X) D2+1
1 1
Vn 1 VEHom(Sn,X) Sy VX
where the maps are the obvious ones induced by the inclusions Sn -+ Dn+l.
2.3 The Cotriple (V, e, P). The construction V is functorial and comes
with two natural maps E: VX -+ X and #: VX -+ V 2X. These are defined
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as follows on the subcomplexes S" and D1+1 out of which VX is assem-
bled:
(i) e: VX -+ X sends S' into X by the indexing map f and D +1 into
X by the indexing map h, and
(ii) #: VX -+ V2X takes Sy homeomorphically to the copy of S" in V2X
that is indexed by the inclusion Sy --+ VX and takes Dn+1 homeomorphically
to the copy of Dn+1 in V2X that is indexed by the inclusion Dn+1 c-+ VX.
It is easily verified that (V, e, fl) is a cotriple [10], [8], i.e. that
(eV)3 = id = (Ve)o and (,3V)3 = (V#)#l.
2.4 The Simplicial Resolution. The cotriple (V, e, #) produces by the
standard method [10, §2] a cellular simplicial space V.X = (VX, d1 , S3)
augmented by V_1X = X such that
VpX = vP+1X
for all p > 0, and the face and degeneracy maps are given by
di = VjeVP-i': VX -V- 1X and
sj = V'pVP- : VX -+V+ 1X
for all 0 < j < p.
We end this section with two key propositions (2.5 and 2.6) about V.X.
The first says, among other things, that each space VX has the homotopy
type of a wedge of spheres, and the second that each simplicial group 7rqV.X
has the homotopy type of the discrete group 7rX. Together these two
propositions will imply that r.V.X is a free simplicial resolution of the
H-algebra 7r.X in the sense of 5.4 below.
2.5 Proposition. Let X E CW. be a space. There exist contractible
subcomplexes C, C VX, p > 0, such that
(i) For all p 0 the quotient V4X/C, is a bouquet of spheres of positive
dimensions.
(ii) s8cp E CE+1 for all degeneracy maps sj: VX -+ V+ 1X and all points
cp E C,.
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(iii) For all 0 j < p the map §j: V/Cp -+ V+ 1/C,+1 that is induced by
sj is an inclusion of bouquets.
Proof: Recall (2.2) that the space VoX = VX is assembled out of cer-
tain spheres Sy and disks Dn+1. Let Co be the subcomplex of VX that
is obtained by choosing, for each sphere Sy whose index map f is null
homotopic, exactly one of the disks Dn+1 that are attached to Sy. The
quotient VoX/Co is then a bouquet of spheres of two kinds: those of the
form Dh+/gSns where Dh+1 is not in Co, and those of the form Sy where f
is not null homotopic. Since the simplicial space V.X is cellular, a straight-
forward induction shows that we can similarly choose C1 C V 1X = VVoX,
C 2 C V2 X = VV 1 X, etc. so that (ii) and (iii) are satisfied.
EJ
If we apply the q-th homotopy group functor lrq to each space VX in
the simplicial space V.X we obtain for q 1 a simplicial group rqV.X,
which itself [14, §17] has homotopy groups rp7rqV.X for all p > 0. These
are abelian by [14, 17.3] unless p = 0 and q = 1.
2.6 Proposition.
(i) 7rprV.X = 0 for all p > 1 and q 1.
(ii) The map
roirq V.X -+,r X
that is induced by the augmentation do : VX -+ X is an isomorphism of
groups for all q > 1.
Proof: For fixed q the homotopy groups irp7rqV.X can be computed [14, 17.4]
as the homology groups of the (not necessarily abelian) chain complex
(N7rV.X, 0) where
NprqV.X = ,rqVpX n kerd1 n ... n kerd,
and 0 is the restriction of do. The proposition thus follows from Lemma
2.7 below.
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Let 4 E 7rVpX, p 0 and q > 1, be such that
do4 = d14 = -.- = d4 = 0 7rqVp1 X.
Then there exists 7 E 7,qVp+X such that
do- = and d17=-= dp+1y = 0 E qV,X.
Proof: Choose a representative
f : Sq_-+VX
for 4. Let 7 E r,Vp,X be the class of the inclusion Sj C VVX = V+ 1X.
To see that do7y =4, note that the zero face,
do=E: VVX -+VX,
takes Sj into VX by f. To see that dj7 =0 for j 1, observe first that
the identification
d = Vd_ 1 : VVX -+VV, 1 X
implies that d3 y is equal to the class of the inclusion S c V V 1X = VX.
Now by hypothesis on 4, the composition
dj_1 f : Sq --+ V_1X
extends to a null homotopy
h: D +-_V 1 X.
Hence the inclusion Dq+ 1 C VV_ 1 X is a null homotopy for the inclusion
Sjy C VV_ 1 X = VX, and dy = 0 as desired.
3 The Spectral Sequence for a Wedge
In this section we prove
3.1 Theorem. There is a first quadrant spectral sequence, functorial
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2.7 Lemnma.
in pointed connected CW complexes X and Y, converging to ,r.(XvY),
and with E2, = 7rpr,(V.XvV.Y), where V.XvV.Y denotes.the simplicial
space that is obtained by applying the wedge functor in each dimension p
to the spaces VX and VY in the simplicial resolutions (2.4) of X and
Y, and ,rpr,(V.XvV.Y) is the p-th homotopy group of the simplicial group
1r,(VXvV.Y).
This result will become Theorem 1.1 after reinterpretation of the E2 term
as derived functors has been carried out in sections 4 and 5.
Theorem 3.1 is an application of some standard results about simplicial
spaces which we now review.
3.2 Realization of Simplicial Spaces. Let An be the topological n-
simplex. Given a simplicial space Y. E sCW., the realization AY. is the
pointed connected topological space obtained [23] from
V n>O~y X)( * X An)
by making certain identifications that are defined using the face and de-
generacy maps of Y.. The space AY. will be a CW complex if Y. is cellular
(2.1).
3.3 Realization and Homotopy Equivalences. Let f : Y. -+ Y.' be a
map of simplicial spaces such that each
f n: Y --+Y'
is a homotopy equivalence. If Y. and Y.' are both cellular, then the induced
map
Af: AY.-+ AY.'
of realizations is a homotopy equivalence.
For a proof of 3.3 see [15, A.4], [21] or [24, A.1].
Using 3.3 one can easily translate a homotopy spectral sequence that
is defined on bisimplicial sets [2, B.4] to simplicial spaces and obtain the
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following (see the appendix of [5] for the argument):
3.4 Theorem. There is a first quadrant spectral sequence, functorial in
cellular simplicial spaces Y., converging strongly to the homotopy groups of
the realization ,r, A Y., and such that E'q = rplrY..
In view of 2.6 an immediate corollary to 3.4 is
3.5 Proposition. Let X E CW and let V.X be the cellular simplicial
space of 2.4. Then the augmentation map induces a homotopy equivalence
AV.X -+X
3.6 Proof of Theorem 3.1. Apply the spectral sequence of 3.4 to the
simplicial space V.XvV.Y. By 3.5 there is a homotopy equivalence
A(V.XvV.Y) = AV.Xv A V.Y -+XvY
which implies convergence to ,r,(XvY) as claimed.
4 II-Algebras
In this section we define the category of H-algebras (4.2), whose objects
are models for the graded set of the homotopy groups of a space together
with the actions on these groups by the primary homotopy operations. We
also describe the sense in which a free H-algebra (4.6) is obtained from the
homotopy groups of a bouquet of spheres. We begin with a formal approach
to
4.1 Homotopy Groups with Operations. Choose a space W in each
homeomorphism class of finite bouquets of pointed spheres of positive di-
mension. Let H be the small category whose objects are the spaces W and
whose morphisms are the pointed homotopy classes of maps between them.
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The point space * representing the empty wedge is included as an object
of H.
Given a space X E CW., we want to capture the information contained
in the pointed sets 7rX, their group structures, and the actions on them by
the primary homotopy operations [25, XI]. This can be done by considering
the contravariant functor from H to pointed sets
[-, X]: 1- --+ Sets,
that is obtained by taking pointed homotopy classes of maps from the
objects of H into X. This functor has the property that, for every object
W = Vf=1 S"' E H (k > 0), the natural map
k
[V I i", X}1 [S"', X] E Sets.
i=1
induced by the inclusions S"' -_+ V IS" is an isomorphism. It follows that
the functor [-, X] on H can be thought of as the collection of pointed sets
7rnX, n > 1, endowed with finitary operations corresponding to morphisms
in H. With this interpretation we will write -r.X for the functor [-, X]
from U to Seis,.
4.2 H-Algebras. We define a H-algebra A to be a contravariant functor
A: H -+Sets,
such that, for every object W = V= 1 S"' E H (k > 0), the natural map
k
A(Vi= S"'-+ A(S"' ) E Sets,
i:=1
induced by the inclusions S"' __ V 1 S' is an isomorphism.
A general H-algebra A may also be thought of as the collection of sets
A(S") for n > 1 with operations.
Clearly H-algebras form a category H-Alg, and we have a functor
7r.: Ho CW, -+ H -Alg
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from the category of pointed connected CW complexes and pointed homo-
topy classes of maps to H-algebras.
4.3 Limits. As usual with categories of universal algebras, H-Alg inher-
its inverse limits from the category of pointed sets, and has direct limits
[16, IX.1].
4.4 Remark. The formalism of definition 4.2 makes H-Alg a (graded)
algebraic theory in the sense of Lawvere [13], [18], [22].
4.5 Free H-algebras. Let GrSets, be the category of collections K = {Kn}
of pointed sets Kn indexed by positive integers n > 1. Given a graded
pointed set K, define the free H-algebra FK generated by K to be
FK = 7r. V> 1 VUEK Su,
where K- denotes the set Kn - {*}. We identify a generator uo E K - with
the element of
(,FK)(SI) =nr / \ .($.K)(~)  q Vn>1 VuEK- Su
that is represented by the inclusion Sq C Vn>1 V.EK; S.
A map out of a free H-algebra is determined by its value on generators.
More precisely, we have
4.6 Proposition. For any H -algebra A, let UA = {A( S")} be the graded
pointed set obtained from A by "forgetting operations." Then for any graded
pointed set K, the natural restriction
Homn-Al (FK, A) -- HomGrseis. (K, .A)
is a bijection. In other words, F is a left adjoint to U.
Proof: If K is a finite graded pointed set, then Vn> VuEK; Sn is an object
of H and the usual argument by universal example gives the result. For the
general case it suffices to show that the H-algebra FK is the direct limit of
those subalgebras that are free on finite graded pointed subsets of K, but
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this follows by compactness of spheres.
4.7 Remark. Proposition 4.6 gives a triple on the category of graded
pointed sets. The category H-Alg may be thought of as the category of
algebras over this triple [16, IV.2].
5 The E 2 Term for the Wedge Spectral Se-
quence
In this section we complete the proof of theorem 1.1 by proving
5.1 Theorem. Let X and Y be pointed connected CW complexes and let
E,,q be the spectral sequence of 3.1 converging to x,(XvY) and with
E2,q = wpw,(VXvV.Y).
Then the columns of the E2 term have the interpretation
(i) EO,, = rX II irY is the coproduct of wX and r.Y in the category
of H -algebras, and
(ii) E2 = 7rX II7rY is the value on the pair of H -algebras (7,X,7rY)
of the p-th derived functor (5.6) of the coproduct functor.
The derived functors II will be defined in 5.6 below after a preliminary
discussion of simplicial H-algebras, their homotopy groups, and free sim-
plicial resolutions. With this machinery in place Theorem 5.1 will follow at
once.
5.2 Simplicial H-algebras. Let A. be a simplicial object in the category
of H-algebras. By definition 4.2, A. can be thought of as a contravariant
functor
A.: H -+sSets,
from H to pointed simplicial sets such that, for every object W = Vk=, S' E H
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(k > 0), the natural map
k
A.(v 1 S"' -+ (S"' ) E sSet,.
i=1
is an isomorphism.
5.3 Proposition. Given a simplicial Ul-algebra A. and integer p > 0, let
,rA. denote the composition
IrA.: 1U '+sSets. -- '+Set s,
where 7r, is the p-th homotopy group functor [14, 3.6 & 16.7]. Then -rA.
is a H-algebra.
Proof: By 5.2 and definition 4.2 it is enough to observe that the functor 7r,
preserves finite products.
EJ
5.4 Free Simplicial Resolutions. A free simplicial resolution of a H-
algebra A is a simplicial H-algebra F. augmented by A with the following
properties:
(i) there exist graded pointed subsets K, = {Kp,,} C F, for p >_ 0 such
that each F, is the free H-algebra generated by Kp,
(ii) sju, E K,+1 whenever 0 < j p and u, E K,
(iii) 7rF. = 0 for p 2 1, and
(iv) the augmentation of F. by A induces an isomorphism of H-algebras
7roF. ) A.
5.5 Existence of Free Simplicial Resolutions. The cotriple associated
to the adjoint pair of 4.6 gives a functorial free simplicial resolution by
standard methods [10]. Others can be constructed by a process analogous
to that of attaching cells to kill homotopy groups J20, II 4 Prop.3].
5.6 Derived Functors of the Coproduct Functor. Suppose A and B
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are H-algebras with free simplicial resolutions F.A and F.B. Let F.A II F.B
denote the simplicial H-algebra formed by taking the coproduct in every
dimension p of the H-algebras FA and FB. The p-th derived functor U,
of the coproduct functor is then defined on the pair (A, B) by
A ip B =7r(F.A UI F.B).
5.7 Proposition. For all p 0 the definition of 5.6 provides a well
defined functor H, from the category of pairs of H-algebras to the category
of H-algebras.
Proof: This is almost an immediate application of the standard Quillen-
Andre theory of derived functors [19, §1], [20, II 4], [1]. The only difference
from the usual situation is that the target category is not abelian, so that
in defining H, in 5.6 we used homotopy groups of simplicial objects rather
than homology groups of differential graded ones. This causes no difficulties
in view of Lemma 5.8 below.
0
5.8 Lemma. Let f,g: A. -+ B. be maps of simplicial H-algebras that
are homotopic in the sense of of [11], [12] (described also in [7, 1.9-1.10]
[20, II 1.6-1.7]). Then for all p > 0
7r,,f = rpg : r,A. --+7r,,B..
Proof: Use definition 5.3 and the corresponding result for simplicial sets
[7, 2.3], [14, §14-16].
5.9 Proposition. The zeroth derived functor A U0 B is naturally isomor-
phic to the coproduct of H-algebras A U B.
Proof: For any simplicial 11-algebra C., the zeroth homotopy group [-
algebra roC. may be identified with limC,, the direct limit of the simplicial
17
diagram of H-algebras C,. Hence we have
7ro(F.A U F.B) = lim (FpA U FpB)
= (lim FpA) l (lim FB)
= AUB.
5.10 Proof of Theorem 5.1. By 4.6 the free H-algebra ir,(VXvVY) is
the coproduct of the free H-algebras 7r.VX and 7rV,Y for all p > 0. Thus
we have
E,, = 7r,7r.(V.XvV.Y) = r,(7r.V.X I 7r.V.Y).
The theorem is now immediate from 5.6 and 5.9 since the simplicial H-
algebra rV.X is a free simplicial resolution (5.4) of the H-algebra irX by
2.5 and 2.6.
C]
6 A Spectral Sequence for Homotopy Direct
Limits
Our goal in this section is to show how the proof in sections 2 through 5
of theorem 1.1 on the homotopy groups of a wedge can be generalized to
yield theorem 1.2, i.e.
Theorem 1.2 Let I be a small category. There is a first quadrant spectral
sequence, functorial in I-diagrams X of pointed connected CW complexes
Xi, i E I, that converges strongly to the homotopy groups 1r.holimX of the
homotopy direct limit [3, XII] of X.. The columns of the E 2 term have the
following interpretation:
(i) Eo,, = lim(,rX) is the direct limit of the I-diagram ,rX of H -
algebras 7rXi, and
(ii) , = limp(7rX) is the value on the diagram of H -algebras ,r,_X of
the p-th derived functor of the direct limit functor.
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To motivate our proof of 1.2, note that we are claiming that the E 2 term
consists of derived functors that are defined on the category of I-diagrams
of H-algebras. Hence we will be considering free simplicial resolutions in
this category, and in particular must decide what it means for an I-diagram
of H-algebras F to be "free." The answer we give (6.3) is that F should
be a "free diagram (6.1) of free H-algebras." With this notion of free
object, the construction of the derived functors liry in 6.5-6.9 parallels the
construction of the derived functors Ii in section 5.
Given a diagram X of spaces, we have an associated diagram ir,X of H-
algebras. The main step in proving 1.2 is to show that some free simplicial
resolution of 7r.X can be realized by a simplicial object in the category
of diagrams of spaces. By modifying the construction V. of section 2, we
produce (6.10 - 6.11) a "simplicial resolution VX of X by free diagrams of
wedges of spheres" that has the required properties. Applying the functor
holig in each dimension to VX gives a simplicial space augmented by
holigX. The homotopy spectral sequence of this simplicial space is readily
seen (6.14) to satisfy the claims of 1.2.
6.1 Free Diagrams in Categories. Given a small category I, let Io be
the "object category" formed by stripping I of all non-identity morphisms.
Let C be a category with coproducts.
For any Io-diagram {X 1 }E, define an I-diagram D{Xi} as follows:
(i) for each object io E I, put
D{X;}io= L Xi, and
iEI, a:i-+io
(ii) for each morphism #: io -+ ii of I, let
D{X;}#: D{X;}io -+ D{X1 }ii
be the obvious map induced by sending an index i "+ io to the composition
i -+ io A ii.
In light of the following adjunction result, we call D{XJ} the free I-
diagram on {X;}:
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6.2 Proposition. Given an I-diagram Y, let OY = {Y};EI be the Io-
diagram obtained by "forgetting morphisms." Then the natural map
Homci(D{Xi}, Y)--+Homcio({Xi}, OY)
that sends a map of diagrams
f: D{X} -+ Y
to the collection of maps of spaces
{Xioid:io-+iO --+ {Xi}io f io}ioE1
is a bijection of sets.
6.3 Free Diagrams of H-algebras. Suppose that for each i E I we
are given a collection K = {K;,,} of pointed sets Ki,, indexed by positive
integers n > 1. We define the free I-diagram of H-algebras generated by the
Ki to be the free diagram D{FK;} where each .FKi is the free H-algebra on
generators Ki as in 4.5. We identify a generator u E K-,o c (
with its image under the inclusion
.FKjO~iO_.;O c-+ D{K;}io.
Combining 4.6 and 6.2 we see that
6.4 Proposition. A map out of D{FK;} is freely determined by its
value on generators, i.e. there is a natural bijection
Hom (D{FKi}, A) + Hom ({Ki}, l OA).
where A is any I-diagram of H-algebras and U is the forgetful functor of
4.6.
6.5 Free Simplicial Resolutions (cf. 5.4). A free simplicial resolution
of an I-diagram of TI-algebras A is a simplicial I-diagram of H-algebras F,
augmented by A with the following properties:
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(i) there exist graded pointed subsets K,, = {K,,i,} C Ei for p > 0
and i E I such that each E, is the free I-diagram of H-algebras generated
by the collection {KfP,}iEl as in 6.3,
(ii) sju,, E Kp+l,; whenever 0 < j 5 p and up,i E K,,
(iii) 7rF, = 0 for p 1 where 0 is the I-diagram of trivial H-algebras,
and
(iv) the augmentation induces an isomorphism of I-diagrams of H-algebras
1roF, ) A.
6.6 Existence of Free Simplicial Resolutions. The cotriple associated
to the adjoint pair of 6.4 gives a functorial free simplicial resolution as in
5.5.
6.7 Derived Functors of Direct Limit. Suppose A is an I-diagram
of H-algebras with free simplicial resolution F. Let lijmF denote the
simplicial H-algebra formed by taking the direct limit in every dimension
p of the I-diagram of H-algebras E,. The p-th derived functor lim of the
direct limit functor is then defined on the diagram A by
lim, A = 7r, limFE
Corresponding to 5.7 and 5.9 we have
6.8 Proposition. For all p 0 the definition of 6.7 provides a well
defined functor i from the category of I-diagrams of H-algebras to the
category of H-algebras.
G1
6.9 Proposition. The zeroth derived functor lim 0 A is naturally isomor-
phic to the direct limit l1 A.
6.10 The Basic Cotriple for Diagrams of Spaces. Given an I-diagram
of spaces X E CWI, let VX denote the free I-diagram on {VXi};EI where V
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is the functor from spaces to spaces of 2.2. In other words, we are defining
V = DVO where D: CWI* -+ CWI and 0: CWI -+ CWIo are the adjoint
pair of 6.2. By the standard argument [10, 4.2] the cotriple (V, e, P) of 2.3
induces a cotriple
(V , 3) = (DVO, q o DeO, DVXVO o P#O)
where ry: DO -+ id and X: id -+ OD are the natural transformations defined
by the adjointness of D and (.
6.11 Simplicial Resolution of Diagrams of Spaces. As in 2.4 the
basic cotriple (V, e, 3) produces an I-diagram VX of cellular simplicial
spaces together with an augmentation map do: VOX -+ X.
It is straightforward to verify the following two propositions about _VX
that correspond to 2.5 and 2.6:
6.12 Proposition. Let X E CW. be an I-diagram of spaces. There exist
I-diagrams C,, p 0, of contractible subcomplexes Cpi C YXi, i E I,
such that
(i) For all p > 0 the quotient _V/_C, is the free diagram on a collection
of bouquets of spheres of positive dimensions.
(ii) sicp,,i E C,1, for all degeneracy maps s,: VpX -+_ V,+X and all
points c,,i E _C .
(iii) For all 0 < j p the map §j : VXIC, --+ _V+ 1X/C, 1 that is
induced by si is the free diagram on a collection of inclusions of bouquets.
0
6.13 Proposition. For all i E I the simplicial space (_V.X)i satisfies
(i) 7rrq(Y.X)i = 0 for p > 0, q > 1.
(ii) The map
7r07rq(Y.X)i 
- iqXi
induced by the augmentation do : _VOX ->X is an isomorphism of groups
for all q > 1.
El
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6.14 Proof of Theorem 1.2. Suppose X. is an I-diagram of spaces and
VX is the simplicial resolution of 6.11. Let holmVX denote the simpli-
cial space that is obtained by applying the homotopy direct limit functor
[3, XII] in each dimension p to the I-diagram of spaces _VX. The homo-
topy spectral sequence (3.4) of the simplicial space holim V,X converges
strongly to 7r, A holmVX. The columns of the E 2 term are
E , = 7r7rholim V,X.
We show
(i) There is a natural homotopy equivalence
Aholim VX -- holim X
(ii) The columns of the E2 term can be identified as the derived functors
E ,, = lim, 7r..X.
Proof (i): By 6.13 and 3.4, the map of spaces
AVXi --+ Xi
that is induced by the augmentation of V X is a homotopy equivalence for
all i E I. It follows from 6.15 below that we obtain a homotopy equivalence
Aholim ,X = holim AYX -* holim X
as desired.
Proof (ii): By 6.16 below, the natural map of spaces [3, XII 2.5]
holim VPX -> lim VX
is a homotopy equivalence for all p > 0. Using 6.12 and 4.6, moreover, it
is not hard to see that the free H-algebra lr*limp is the direct limit of
the free diagram of free H-algebras 7rY,V,. Thus
E , = 7r,7r*holimVX =r,7rlim VX = r, lim rVX.
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The result is now immediate from 6.7 since the simplicial diagram of H-
algebras r._V.X is a free simplicial resolution (6.5) of the diagram of H-
algebras irX by 6.12 and 6.13.
6.15 Proposition [3, XII 4.2]. If f : X -+ Y is a map of I-diagrams of
pointed connected CW complexes such that each fi: Xi -+ Yi is a homotopy
equivalence, then the induced map
holimf : holim X -+4holim Y
is a homotopy equivalence.
Proof: Use simplicial replacement [3, XII 5.2] and 3.3.
0
6.16 Lemma. Let D{Xj} be the free I-diagram (6.1) on spaces X E CW.,
i E I. Then there are identifications
holimD{X;} ff>
||
V I\i X Xi) q e
iE1 I\i x * +
where p is the natural map of [3, XII 2.5], I\i is the
space of [3, XI 2.7], and q is induced by collapsing each
In particular, p is a homotopy equivalence.
contractible pointed
I\i to its basepoint.
Proof: Straightforward from the definition of holm [3, XII 2.1].
U
7 A Spectral Sequence for Smash Products
In this section we imitate the construction of the homotopy spectral se-
quence of a wedge to obtain
Theorem 1.9 There is a first quadrant spectral sequence, functorial in
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lim D{Xj}
||
pointed connected CW complexes X and Y, converging strongly to the ho-
motopy groups 7r,(X A Y) of the smash product of X and Y, and such that
the columns of the E 2 term have the following interpretation:
(i) E, = irX 0 7rY is the tensor product (7.3) of the H -algebras 7rX
and 7rY, and in general
(ii) E2, = 7rX Op rY is the value on the pair of H -algebras (7rX, r, Y)
of the p-th derived functor of the tensor product functor.
The "tensor product" functor for H-algebras that is referred to in theorem
1.9 has properties analogous to the tensor product of modules over a com-
mutative graded ring, as we show in the appendix below. For the proof of
theorem 1.9 in this section, however, we only need to give a definition of
the tensor product (7.3). We begin with the special case of
7.1 Tensor Products of Free H-algebras. Let F{K,} and F{L,} be
the free H-algebras generated by graded pointed sets {Kn} and {Ln}. With
respect to these generators we define the tensor product F{Kn} 0 F{L,}
to be the free H-algebra on the graded set {Jn = Vp+q=n(Kp A Lq)}.
Equivalently, if
W =\| \ K S," and X = \V S"
UnI 
_.K V l vEL Sv
are the bouquets of spheres with F{Kn} = 7rW and F{L,} = -xX, then
F{Kn} O F{L} = 7r(W A X).
7.2 Functoriality. Suppose we are given another pair of free H-algebras
.F{K'} = ixW' and F{L'} = r.X'
with
= V\ V' - Su", and X' = V \ V
_n> VuEK- U' Vn>i Vv'ELI -Sv
Let f : F{Kn} -+ F{K'} and g: F{Ln} -+ F{L'} be maps of H-algebras
that do not necessarily take generators to generators. There exist never-
theless unique homotopy classes of maps
Rf : W -+ W' and Rg: X -+X'
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such that f = ir.Rf : 7r.W --+ 7r.W' and g = x.Rg: 7r.X -+ 7r.X'. Hence the
smash product of maps of spaces
Rf A Rg: W A X -+W' A X'
induces a H-algebra map
f o g: F{K}0 @F{Ln} -+ F{K} {L }.
Naturality of this construction implies that the definition of 0 in 7.1
gives a functor on the category of pairs of free H-algebras that is indepen-
dent of choice of generators.
7.3 Tensor Products of General H-algebras. If A and B are H-
algebras we define
A0B= 7ro(F.A 0 F.B)
where F.A and F.B are free simplicial resolutions (5.4) of A and B, and
where F.A 0 F.B denotes the simplicial H-algebra that is FA 0 FB in
dimension p. This gives a well defined functor 0 on pairs of H-algebras by
the same machinery as was used in 5.7.
Note that, if A and B are free, this definition agrees with the tensor
product A 0 B defined in 7.1 above because in this case the constant sim-
plicial H-algebras (A). and (B). are free simplicial resolutions of A and
B.
7.4 Derived Functors of Tensor Product. We similarly define the
derived functors Op of tensor product for p > 0 by the formula
AOpB =,rp(F. A 0 F.B).
Again this yields well defined functors from the category of pairs of H-
algebras to the category of H-algebras as in 5.7.
7.5 Proof of theorem 1.9. Let X and Y be pointed connected CW
complexes. By analogy with 3.1 consider the homotopy spectral sequence
of the simplicial space V.X A V.Y that is formed by taking the smash
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product in each dimension of the simplicial resolutions 2.4 of X and Y. As
in 3.6 we have a homotopy equivalence
A(V.X A V.Y) = AV.X A AV.Y -+X A Y
so that the spectral sequence converges strongly to the homotopy groups
of X A Y.
The E 2 term, moreover, has columns of the form
E2 = 7r,7r.(V.X A V.Y) = 7r,(7r.V.X 0 7rV.Y)
which may be identified with irX O, 7r,Y by 7.4.
A Appendix on Tensor Products of H-algebras
We show here that the functor 0 on pairs of H-algebras is left adjoint to a
functor Hom (A.5), and has other properties one might expect of a tensor
product (A.7). As a preliminary we must consider
A.1 Smash Multiplication in H. We define a functor
.Y: H x H--+H
as the composition of two functors Sm: H x H --+ and E: II -+ H. To
define the first, let H be the category whose objects are the same as the
objects of H x H but whose morphisms (W 1 , W 2) -+ (W, W2) are homotopy
classes of maps W1 A W2 -+ Wj A W2 between the smash products. The
functor Sm : H x H -+ H is then the obvious one sending a morphism
(fi, f2) to f1 A f2. To define the second functor E, first choose for each
object (W 1, WV2) of H a homotopy equivalence
ewnw2 : W1 A W 2 ~- +W
with the unique (4.1) corresponding object W of I. The functor B is then
required to send a morphism f : W1 A W2 -+ Wj A W2 of H to the unique
morphism Ef: W -> W' of H such that the diagram
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W 1 AW 2  > W
If ewiw l 2 Ef
W' AW2' >W'
commutes.
A.2 Remark. If the homotopy equivalences eWi,W2 are chosen carefully,
then the functor p will be associative, i.e.
p o (1 x P) = P 0 (P x 1).
On the other hand, if T: H x H -> H x H is the functor that exchanges
components, then pT and yt agree on objects and are naturally equiva-
lent, but the natural equivalence will involve changes of orientation and
permutations of wedge summands.
A.3 The Functor Hom. For every object W E H the multiplication p
defines a functor p(-,W): H-+H. If A: H-+Sets, is a H-algebra, we
write A' for the composition
AW: H - H > Sets..
It is readily verified that A' is a H-algebra. If A = rX for a space X,
then there is a natural isomorphism AW - r. map,(W, X).
If we allow W to vary, then we obtain a contravariant functor
A*: H -+ H-Alg.
If B is another H-algebra, then taking H-algebra maps out of B into
the diagram A* gives a contravariant functor
Hom (B, A) = Hom (B, A*): H -+ Sets.
A.4 Proposition. Hom(B, A) is a H-algebra.
Proof: It is sufficient to note that, if W = V= 1 S'n, then the natural map
A" -+ 17 A "
i=1
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is an isomorphism of H-algebras.
A.5 Proposition. There is a natural bijection of sets
Hom(A Q B, C) - )Hom(A, Hom(B, C)).
Proof: The proposition is immediate if A and B are free. For the gen-
eral case let F.A and F.B be free simplicial resolutions of A and B. Let
F.A6F.B denote the bisimplicial H-algebra that is FA 0 FqB in dimen-
sion p, q. The diagonal simplicial H-algebra A(F.A6F.B) is what we
have called F.A 0 F.B. By a general fact about bisimplicial sets, there
is an isomorphism of the H-algebra 7ro A (F.A6F.B) with the H-algebra
7roro(F.A6F.B) that is obtained by applying ro first in the q direction and
then in the p direction. Moreover, it is easy to see that if D. is any simpli-
cial H-algebra, then iroD. can be identified with the direct limit lim(D,) of
the simplicial diagram. Hence we have
Hom(A 0 B, C) = Hom(woro(F.A6F.B), C)
= Hom(limp lirnT (FpA 0 FB), C)
= limlim, Hom (FA 0 FB, C)
= Hom (lim, FA, Hom (lig FB, C*))
= Hom(A, Hom(B, C))
A.6 Corollary. There is a natural isomorphism of H-algebras
Hom (A 0 B, C) 5 Hom (A, Hom (B, C)).
Proof: If W and W' are objects of H then by remark A.2 we may identify
the H-algebras
C"''") = C(p(-, p(W', W))) = C(p(p(-, W'), W )) = (C")"'.
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This gives an identification of the fl-algebras
Hom(B, C)W = Hom(B, CA(*w)) = Hom (B, (C)*) = Hom(B, CW).
From this we obtain a natural bijection of sets
Horn (A, Hom (B, C)") = Hom (A, Hom (B, CW)) ' Hom (A 0 B, CW)
which implies the result.
0
A.7 Proposition. There are natural isomorphisms
(i) A®B B&A
(ii) ( A Ul A') 0 B ( A 0 B)UH ( A' 0 B)
(iii) ( A 0 B) 0 C A 0 (B 0 C).
Proof: (i) is immediate from the definition. (ii) follows because left adjoints
preserve direct limits. (iii) is a consequence of the natural bijections of sets
Hom ((A 0 B) 0 C, D) e Hom (A, Hom (B, Hom (C, D)))
Y Hom (A, Hom (B 0 C, D))
SHom (A 0 (B 0 C), D)
El
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